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Cost Cumulant-Based Control for a Class of Linear Quadratic Tracking Problems

Khanh D. Pham
Space Vehicles Directorate
Air Force Research Laboratory
Kirtland AFB, NM 87117 U.S.A.

Abstract— The topic of cost cumulant control is currently
receiving substantial research from the theoretical community
oriented toward stochastic control theory. For instance, the
present paper extends the application of cost cumulant con-
troller design to control of a wide class of linear quadratic
tracking systems. It is shown that the tracking problem can be
solved in two parts: a feedback k-cost-camulant (kCC) control
whose optimization criterion representing a linear combination
of finite £ cumulant indices of a finite horizon integral quadratic
cost associated to a linear tracking stochastic system is deter-
mined by a set of Riccati-type differential equations and a
set of time-dependent tracking variables is found by solving an
auxiliary set of differential equations (incorporating the desired
trajectory) backward from a stable final time.

I. PRELIMINARIES

An interesting extension of the cost-cumulant control the-
ory [1]-[5] when both perfect and noisy state measurements
are available, is to consider following a specified output
trajectory as closely as possible in the sense of cost-cumulant
control objective. Some motivations for this theoretical devel-
opment are found in the altitude control of a terrain-following
aircraft where there is knowledge of the future terrain; and in
tactical and combat situations wherein a vehicle with the goal
seeking nature initially decides on an appropriate destination
and then moves in an optimal fashion toward that destination.
Consider a linear stochastic tracking system governed by

da(t) = (A()z(t) + B(t)u(t))dt + G(t)dw(t), (te) (1)
y(t) = C(H)x(t) 2)

where the coefficients A € C([to,ts;R™*™), B €
C([to, tgl;R™™), C € C([to,ts;R™™), and G €
C([to,ts];R"*P). The system noise w(t) € RP is the
p-dimensional stationary Wiener process starting from g,
independent of x(tg) = ¢, and defined on a complete
probability space (€2, F,P) over [to,?] with the correlation

E{[w(r) = w(©)][w(r) —w(@)]"} =W|r —¢, W >0.

The control input u € L%, (Q;C([to,ts]; R™)) the subset
of Hilbert space of R™-valued square-integrable process
on [to,ts] that are adapted to the o-field F, generated by
w(t) to the specified system model is selected so that the
resulting output y € L% (€;C([to, ts];R")) best matches
the desired output z € L?([to,ts];R") in the cost cumulant
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optimization criterion which will be clear shortly. Associated
with the initial condition (fo,zo;u) € [to,tf] x R™ X
L% (9 C([to, ts]; R™)) is a traditional finite-horizon IQF
random cost J : [to,ts] x R™ x L% (Q;C([to, ts];R™)) —
R™ such that

T (to, wo3u) = [2(ts) = y(tp)]" Qs [2(ts) — y(ty)] 3)

+) {=(1)=y(r)Q() [=(r) —y(1)] + uT () Rir)u(r)

in which the terminal penalty error weighting @y € R"*",
the error weighting Q € C([to,ts];R"™"), and the control
input weighting R € C([to,ts]; R™>*™) are symmetric and
positive semidefinite with R(t) invertible.

In the perfect-state measurement case, the initial state
is assumed to be known exactly, and the control input is
generated by a closed-loop control policy of interest v :
[to, ts] x L, (4 C([to, ts]; R™)) = L% (:C([to, t5; R™)),
according to the control law

u(t) =t 2(t) = K@)z (t) + uear (1), )

where ueqze € C([to,tf]; R™) is an external signal and K €
C([to, t¢]; R™*™) is an admissible feedback gain in a sense
to be specified later. Hence, for the given initial condition
(to, o) € [to,ts] x R™ and subject to the control policy (4),
the dynamics of the tracking problem are governed by

dz(t) = [A(t) + B(t)K(t)]z(t)dt + B(t)ueqt(t)dt
+ G(t)dw(t), x(to) = o, 5)
y(t) = C(t)=(1), (6)

and the IQF random cost
J(to, w03 K, teat) = [2(t) — y(t)]" Qg [2(ts) — ylty)]

+ [0 =" Q) () ~ () ™

to

+ K (7)a(7) + teat ()] "R(7) [K (T)2(7) + tear (7)] }d7~

It is now ready to generate some cost cumulants for the
finite-horizon tracking problem. These cost statistics are sub-
sequently utilized in defining the performance index arisen
in state-feedback £CC control over a finite horizon opti-
mization. In general, it is suggested that the initial condition
(to,xo) should be replaced by any arbitrary pair (o, x,).
Then, for the given external signal w.,; and admissible
feedback gain K, the cost functional (7) is seen as the “cost-
to-go”, J (e, xs). The moment-generating function of the



vector-valued random process (5) is given by the definition

= FE{exp (6J (a,x4))} (8)

where the scalar # € RT is a small parameter. Thus, the
cumulant-generating function immediately follows

¥ (a,20;0) = In{p(a,zq;0)} , ©)

in which In{-} denotes the natural logarithmic transformation
of an enclosed entity.

Theorem I1: For all « € [to,tf] and the
small parameter 6 € RT, define ¢(a,z4;0) =
o(a,0)exp {2l Y (a,0)zq + 22Xn(e,0)} and v (a,0) =
In{o(a,0)}. Then, the cost cumulant-generating function
can be expressed as follows

W (0,205 0) = w5 (0, )20 + 205m(, ) + v (o, 0) (10)

where T(«, 0), n(a, 0), and v («, ) solve the backward-in-
time differential equations

¥ (aa Tas 0)

%T(a, 0) = —[A(a) + B(a)K(a)]" Y (a, 0) (11)
- T(a, 0)[A(a) + B(a) K ()]
— 27 (v, 0)G(a) WG () Y (v, 0)
—0CT(0)Q(a)C(a) — KT (a)R(a) K (a) ,

L 1(0,6) = ~[A(0) + Bla)K ()] (0 0 (12)
— YT(a, 0) B()tezt ()

. — 0K (a)R(@)ucsi(a) + 00T (0)Q(@)z()

v (a,0) = =Tr { Y (e, 0)G () waGT (a) } (13)
— 20" (a, 0) B(a)ueqt(a)

= Ougyy () R(0)ucat(er) — 02" (a)Q(a)2(a)
with the terminal conditions Y(ts,0) = 0CT (t;)Q;C(ty),
1(ty,0) = 0CT (tr)Qra(ty). v (ty,0) = 027 (tf)Qpz(ty)-
Proof. For any 0 given, let @ (o, 24;0) = exp {0J (o, 24) }.
then the  moment-generating  function  becomes
o (a,24;0) = E{w (o, 24;0)} with the time derivative of

o (0,70:0) = ~6{+TICT (0)Q(0) ()
+ KT (@)R(@)K (0)a + 222 (KT () R(a)tese(0)
= CT(a)Q(a)z(a)] + ulyy (@) R(a)tiere ()
+ ZT(a)Q(a)z(a)}go (,20;0). (14)
Using the standard Ito’s formula, it yields
do (o, 24;0) = E{dw (a,24;0)} ,
= E{wa (0, 243 0) da + wy,, (0, 24;0) dz,,

+ %Tr (@soze (0,203 0)G(2)WGET ()} da} ,
= ¢z, (@, 74;0) [A(a) + B(e) K ()] zada

+ 0o (@, 203 0) da + @, (@, 2435 0) B(@)teqt(a)da
1
5T e (0,20:0) G (0) WG (a)} dor

which  under the definition ¢ (o, z4;0) =
o(a,0) exp {zT Y (v, 0)zq + 22Tn(,0)} and the partlal
derivatives

Pa (04 Tas )

d
dZJ(o(z, )) +;1:£diT(oz 0)xo + 2xadd n(a, )|p(a, zq;0)
Oz, (0, 24;0) =
{2l [Y(e,0) + YT (0, 0)] + 20" (2, 0) } 0 (v, 203 0)
Prowe (@, 2050) = [T(,0) + YT (a0, 0)] ¢ (a, 243 0)

+ (e, )+ Y (e, O)] zozl [T (e, )+ Y (e, 0)] 0 (v, 203 0)

leads to
d o Ao(a,0) _
da@(av‘romg) - W@(avxaae)
+ JﬁTi Y(a, b))z, + 221 d (o, 0)] v (e, 4;6)
adOé @ ad -1 ) "2 y Ly

24 [A() + B(a)K ()] Y (@, 0)zasp (@, 703 0)
+ wTT( 0) [A(e) + B(a)K()] zap (@, 243 0)
+ 223, [A(a) + B(a)K(a)]
)

+ 277T(oz, 0)B(a) ezt () (o, 43 0)
+ Tr { Y (e, O)G(a) WG () } ¢ (e, 203 0)

+ 225 (0, 0)G(@)WGT ()Y (v, )z 0ip (v, 243 0) . (15)

Replacing (14) into (15) and having both linear and quadratic
terms independent of z,, it requires that
d

—Y(a,0) =

da —[A(a) + B(a)K ()]"Y(av, )

~ T (0, 6)[A(0) + B(0) K (a)
— 27 (o, ) G(a)WGT () Y (v, 0)
— 007 (2)Q(a)C(a) — 0K () R(e) K (o),
~[A(a) + B(a)K ()] n(a, 0)
— Y (e, 0)B(a)ueqt ()

— 0K (a)R(@)ucsr () + 00T (0)Q(@)z()
%’U (a,0) = —=Tr { Y (e, 0)G () WG () }

= 2" (o, 0) B(@)ueat (@)
= Ougy () R(0)ucat(er) — 027 (a)Q(a)2(a).

At the final time a = ty, it follows that (ts, x(tr);0) =
o(ty,0) exp {aT (t)Y(ts, 0)x(ty) + 22T (ts)n(ty,0)} =

E {exp {0[z(t7) — y(t)| Qyl2(ts) — y(ts)]}} which in
turn yields the terminal conditions as

d
il 0) =
dan (a7 )

Y(ty,0) = 0CT (t7)QClts),
n(ty,0) = —0CT (t5)Qyz(ty),
o(ty,0) = exp {027 (t;)Qrz(ts)}
o(ty,0) = 027 (t)Qyz(ty) -



Remark. The expression for cost cumulants (10) in the
tracking problem indicates that additional second and third
affine terms are taking into account of dynamics mismatched
in their trajectory-governing equations.

By definition, cost cumulants for the tracking problem can
be generated by employing the MacLaurin series expansion
for the cumulant-generating function

E nlaaca .7’
=1

in which k;(«, z,,) are called cost cumulants. Furthermore,
the series coefficients of the expansion is computed by using
the result (10)

(2430 (16)
91’

agz (o o )‘9—0 il

o' o'
(v, 243 0) =T =T (a, 0) Zo
06 0—0 06 0—0
ai %
+ 227 -n(a, 0) + ov(a, ) (17
06" o—o 00 =0

In view of the results (16) and (17), we may obtain cost
cumulants for the tracking problem as described below

a’L
T 89’

%

Ki(a, Tq) = T(a, ) To+2xL

)
6=0 > a0

+ o Loy

for any finite 1 < 1 < 00. For notational Convenience denote
H(a,i) = 69, T(a, e)] o Dlavi) = Zrnla, 9)‘ i
Do) = (e, 0)

X 0=0"
following theorem.

Theorem 2: (Cost Cumulants in Tracking Problems)

The system dynamics governed by the linear stochastic
differential equations (5)-(6) attempt to track the prescribed

signal z(t) with the finite-horizon IQF cost (7). For k € Z*
fixed, the kth cost cuamulant in the tracking problem is given

(e, 0)

0=0

v(,0)

. Then, we would like to state the

K/k(t07 IO; K7 uezt) - IgH(t07 k)flfo
+ 22T D(to, k) + D(to, k), (19)

in which the building variables {H (cv, ) }%_,, {D(ev, i)}F_,,
and {D(a,i)}¥_, evaluated at o = ¢ satisfy the differential
equations (Wlth the dependence of H(w,i), D(c,i), and
D(«, i) upon ue, and K suppressed)
d
L H(0,1) = - [A(0) + Bla)K (@)]"
— H(a, 1) [A(@) + B(a) K ()]
— C"(a)Q(a)C(a) = KT (a)R(e) K (a) ,
d
—H(a,i)=—[4
L H (i) =~ [4(
Jr

H(a, 1)

- K" (a) (20)
@) + B(a)K ()" H(a, i)
B(a)K(a)

a)]

2n

together with

d «
—D(a,1) = —

ia (22)

[A(@) + B()K()]" D(a, 1)
— H(o, 1) B(0)tiemi ()

= K7 () R(a)tteqt (o) + CT () Q(@) ()

L Dlai) = [A(0) + Bl@)K (@)]" Dias )
— H(o, i) B(@) ezt (), 2<i<k, (23)
and
%D(a, 1) = —Tr {H(a,1)G(a)WG" (a) } (24)
- 2DT(oz7 1) B(@) ezt ()
— ulg (@) R(Q)ucze(a) — 2" (@)Q(a)z()
%D(a,i) — Tt {H(a,)G(a) WG ()
—2DT (0, ) B(@)trege (), 2 < i <k (25)
where the terminal conditions H(ts,1) = CT(t;)Q;C(ty),
H(ts,i) =0 for 2 <i < k; D(t,1) = —CT(t;)Q2(ty),

—Y(a,0)

b

D(ts,i) =0 for 2 <i <kand D(ty,1) = 2T (t;)Q2(ty),
D(ty,i)=0for 2 <i<k.
Proof. Note tuhat the equations (20), (22) and (24) satisfied
by H(a, 1), D(e, 1), and D(c, 1) can be obtained by taking
the derivative with respect to 6 of the equations (11)-(13)
d [0 T 0
i gTan ) = - ) + BaK@l” 5
—%T(a 0) [A(a) + B(a)K(«)]
~2{ 1.0} 6@WET (@0
00
—2Y(a, 0)G(a)WGT () { }
~CT(a)Q(a)C(a) — KT (a)R ( K ()
d [0
1 et} = = 14@) + BK(@I" nfa.0
(0 O B(@)tee()
—KT(a)R(a)uez (@) + CT(a)Q(a)z(a)
d {0 B 0 T
T {aev(a,@)} = _Tr{ﬁﬂ (o, 0)G()WGE (a)}
0
—Q%UT(a, 0)B(a)tezt ()
—uigy (@) R(a)uesi (@) — 2" (a)Q(a)z(a)
wherein terminal cond1t10ns geT(tf,G) C’T(tf)QfC’(tf)
%n(tf, 0) = —CT(tp)Qsz(ty). and pu(ty,0) =
20 (tr)Qpz(ty). It is important to see that when 6 = 0 the
equation (11) becomes
iT(oz 0) =

- ~[A(0) + B(a) K (@)) T (0,0)

— Y (e, 0)[A(c) + B(a) K ()]
—2Y (0, 0)G(a)WGT ()Y (x, 0), T(ty,0)=0.



Because the closed-loop matrix A(a) + B(a)K(«) is as-
sumed stable for all o € [to,ty], it is then deduced that
T(e, 0) = 0. Using this result together w1th the deﬁnitions of
H(o,1) = ZY(,0)|,_y Dl 1) = Zn(a 0)|4—q» and
D(a,1) = s5v(a 9)‘020, the first cost cumulant is found

Kl(to, xo; K) = xgH(to, 1).”[:0 + 21‘(7;13(150, 1) + .D(t()7 1) s

where the solutions H(a,1), D(a,1) and D(a,1) satisfy
the backward-in-time differential equations

d

2 H(a, 1) =~ [A(0) + B(a) K (a)]” H(a 1)

— H(a, 1) [A() + B(a) K (a)]

— " (a)Q(a)C(a) — K" (a)R(a)K () ,
L D(a,1) =~ [A(0) + B@)K (@)]" Dlax 1)

— H(a,1)B()teqt ()

— K" (@) R()text (@) + CT (a)Q(a)z(av)
ddaD(a, 1) = -Tr {H(a,1)G(a)WGT (a)}

- QbT(a, 1) B(@)teqt ()
— gy (@) R(a)tegi(a) — 27 (@)Q(e)2()

With boundaries H(ty,1) = C’T(tf)QfC’(tf) D(ts,1) =

(tf)QfZ(tf) and D(ty, 1) = 2" (t;)Qyz(ts). Repeat-
edly, taking -2 5g= of the equations (11)-(13) yield the corre-
sponding differential equations

2 2
g} =@+ BRI g
82
062
82
o6
0

—4% (o, 0)G(a)WGT (0) =

T(a, )
—T(a,0) [A(a) + B(a)K ()]
T(a,0)G(a)WGT ()Y (v, 6)

T(a,0)

d 0?2 9?
da {592 (a, 9>} Tf{aez

25"

together with terminal conditions

T(a,0)B(a) ezt ()

: L X(t,0) = 0,
%n(tf,e) = 0, and 802v(tf79) = 0. Having substituted
H(a,1) = 2T(a,0)|,_ H(2) = 2%7T(a, 9)‘97 :
D(a,2) = 39277(04 0) o’ D(a,2) = 8021)(04 9)‘

Y(a,0)|,_, = 0 into the above equations, the second cost
cumulant can be obtained as follows

Hg(to,:ﬁo; K) = Ty H(to, ).Z’o + 2.27513(750, 2) + D(to7 2) 5

and
=0

in which the solutions H (v, 2), D(«a,2) and D(c, 2) evalu-
ated at a = g, are solving the differential equations

iH(oz,2):—

-~ [A(a) + B(o)K (@) H(a,?)

~H(0,2) [A(e) + B()K(a)
—4H (o, 1)G(a)WGT (a)H(ar, 1), H(t;,2)=0,
- D(0,2) = - [4(a) + B@) K ()] D(a,?)

!

_H(av2)B(a)uext(a) ) [) t 72) O,

( =
%D(a, 2) = ~Tr {H(a, 2G()WG" ()}
—2D7(a,2) B(@)uent (),  D(t,2) =0.

By successively taking derivatives of the equations (11)-(13)
with respect to 6 and evaluating the results at 8 = 0, the ith
cost cumulant can be written for all 2 < ¢ < k

,‘Qi(to,xo; K) =T H(to, )xo + 2.%‘0 D(to, Z) + D(to,i) R

where H (., i), D(«, i) and D(c, i) evaluated at o = £, are
the solutions of the coupled differential equations

—————H(a,j)G(a)WGT(a)H (av,i—j), H(ts,i)=0

— D(a,i) = — [A(a) + B(a)K ()]" D(a,i)
— H(a,i)B(a)tear(ar), D(ty,i) =0

~Tr {H(a,))G()WGT (o) }
D(tf,i) =0.

|
s
L
Nas”
H

Thus, the proof is now complete.

II. PROBLEM STATEMENTS

In preparing for the KCC control statements of the
tracking problem, let k-tuple variables H and D be de-
fined as follows H(:) (Hi(-), ..., Hi (), D() =
(Dr()so Du()), D) = (Di().., Di()) for each
element H; € C'([to, t;];R™*™) of H, D; € C*([to, t]; R™)
of D and D; € C'([to, t]; R) of D having the representations

v

Hl() :H("i)v Dl() :D("i)a Dl() :D('7i)a

with the right members satisfying the dynamic equations
(20)-(25) on the horizon [ty,ts]. The problem formulation
can be considerably simplified if the convenient mappings
are introduced

-7:1' . [to,tf] X (Rnxn)k x RMXN |, RAX7

Gi: [to, 5] x (R™™)F x (R")F x R™*™ x R™ > R"

Gi : [to, t7] x (R™™)F x (R")* x R™ R



where the actions are given by

Gi (a7 H,D, K, uem) = —[A(a) + B(a)K ()] Dy ()
— Hi(a)B(a)tert ()

— KT (a)R(@)uegi(@) + CT(a)Q(a)2(a)

G (0, D, K uear ) = — [A() + B(a)K(a)]" Di(a)
— Hi(a)B(@)uezt () ,

g1 (a,H,fD, uext) = —Tr {H1()
— 257 (0) B(@) ()

— ulg (@) R(Q)uze(ar) — 27 (@)Q(a)z()

Gi (a,H,Yb,uext) = —Tr{Hi(a)G(a)WGT(a)}
—2DT () B()tieqy (cv) .

Gla)WG" (o)}

Now there is no difficulty to establish the product mappings

Fix--xFp [to;tf} (Rnxn)kXRman (Rnxn)k
gl e x gk [lf(), tf] (Rnxn)kx (Rn)k K RM™MX M R™ s (Rn)
Gi X xXGy : [to,tf] (Rnxn)kx (Rn)kam HRk

along with the corresponding notations 7 = F1 X - - X Fj,

G=Cyx--xGp,and G = Gy X - - - x Gg. Thus, the dynamic
equations of motion (20)-(25) can be rewritten as
(o) =Fla, Hla), K@), Htg) =My,

2D(0) =6 (a0 H(0), D(@), K (@), veae(a0), Dlty) =Dy,
D() =G (@ 7(0), D). tewa(0))  Dlty) = Dy

where k-tuple values H; = (CT(t;)QC(ts),0,...,0),
Dy = (—C'T(tf)QfZ(tf),07 - ,0) and Dy = (0,...,0).
Note that the product system uniquely determines H, D
and D once the admissible external signal u.,; and feedback
gain K are specified. Hence, they are considered as H =
H(, K), D = D(-, K, tezs) and D = D(-, K, tigy;). The
performance index in kCC control problems can now be
formulated in u.,; and K.
Definition 1: (Performance Index)
Fix k € Z* and the sequence y = {y1; > 0}%_; with gy > 0.
Then for the given (g, 2), the performance index
% (Rnxn)k

bur : [tosty] x (R™M)* x R* s RF

in finite-horizon state-feedback £CC control for the tracking
problem is defined as

d)f,k <t07 H(t07 K) ﬁ(t07 Ka uemt)7 D(th K7 Uext))

_Zﬂz mO

+ 2*/L.() Di(t07 K; ue:rt) + Di(t07 K7 uea:t)]

i(to, K)o

(26)

where the scalar, real constants p; represent parametric de-
sign freedom and the unique solutions {H;(tg, K) > O}le,

. k
{Di(tO,K, Uext) » and {D;(to, K, Uezt)}F_; evaluated at
a =ty satisfy the ﬁ_ynamic equations

d
2o @) K(a)), H(ty)

d g Y 9 9
—=D(a) =G (a, H(@), Dla). K (), uear(@), D(ty) =Dy,
d N
—=D(a)=G (@, H(@), D(a), temi(a)) , Dits) = Dy
For given terminal data (tf,’Hf,Zv)f,Df), the classes of
admissible external signal and feedback gains may be defined
as follows.

Definition 2: (Admissible Signal and Feedback Gains)
Let compact subsets U C R™ and K C R™*" be the sets
of allowable external inputs and gain values. For the given
k € ZT and the sequence p = {p; > 0}F_, with p; >
0, the set of admissible external signals U4, ,, » p . and
feedback gains X are res ectlvelf afssufrﬁed to
ee g ty Hy Dy Dy p Y
be the classes of C([to, tf]; Rm) and C([to,tf]; R™*™) with

values ;¢ (-) € U and K(-) € K for which solutions to the
dynamic equations with the terminal conditions H(t;) =

=F (o, H(w), =My,

Hf, ﬁ(tf) = 'Zv)f, and D(tf) = Df
L H(a) = Fla, o), K (@), @)
%ﬁ(a) Sy (mH(a),fD(a),K(a) um(a)) .28
d G

exist on the interval of optimization [to,%y].
Then the optimization statements for the state-feedback kCC
control of the tracking problem over a finite horizon may be
stated in the sequel.

Definition 3: (Optimization Problem)
Suppose that k € Z* and the sequence p = {p; >
0}F_, with 3 > 0 are fixed. Then the state-feedback
kECC control optimization problem over [to,ty] is given by
the minimization of (26) over Uegt(+) € utfﬁfﬁf,D_f;u’
K()e K+, 24,.5,.D,;:, @nd subject to the dynamic equations
of motion (27)-(29) for a € [to, t¢].
The sequence of following results will discuss the construc-
tion of scalar-valued functions which are the candidates for

the value function.
Definition 4: (Reachable Set)
[(-7.22) e

Let reachable set Q be defined Q =



[to, tr] x (R™>™)k x (R™)F x R’“} such that ug,y,z,z;u #0

and ’Cs,y,z“,z;# 75 0.

By adapting to the initial cost problem and the termi-
nologies present in the kCC control, the Hamilton-Jacobi-
Bellman (HJB) equation satisfied by the value function

V (e, Y, Z’, Z) is then given as follows.
Theorem 3: (HIB Equation-Mayer Problem)
Let (5, Y, 2, Z ) be any interior point of the reachable set Q

at which the value function V (e, ), Z , 2] is differentiable.
If there exist optimal external signal u;,, € U, y, -, and
feedback gain K™ € K_,, 5 -, then the partial differential
equation of dynamic programming

0= umemUiﬁnKEK{iv (5, Y, 2,2)

5,3),2?,2) vee (F (g, Y, K))

(30)

0
+m"(
au)V (s,y,é’,Z) vec (Qu (a,y,é,K, uewt»

N 0 vec (Z

n@;w@yiam@@mzwm}

is satisfied wherein the boundary

V (to,Ho,fDmDo) = Gk (thHOaﬁOa’DO)-

Proof. Refer to the reference [7] for the detailed proof.
Theorem 4: (Verification Theorem)

Fix k € Z* and let W 5,)),2' , Z ) be a continuously dif-

ferentiable solution of the HIB equation (30) which satisfies
the boundary condition

condition

W (to,Ho, Do Do) = éui (to,Ho, Do, Do) . (31)
Let (t;, Hy, Dy, Dy) lze in Q; (ueyt, K) in Uy, 34,5, %
Ith,Hffo,Df;u; ‘H, D and D the ucorresponding solutions
of (27)-(29). Then W(a,H(«),D(«), D(cr)) is a non-
increasing function of c. If (u},,, K*? is in L{tvafj?f’Dfm X
thvavﬁfa?f?N defined on [to,ts] with corresponding solu-
tions, H*, D*, and D* of (27)-(29) such that for o € [to, t¢]

0

0= W (a,H*(a),zB*(a),D*(a))

L0
dvec())
-vee (F (o, H" (), K™ ()))

3 * Nk *
* g (0 @) D). )

W (@M (@), D" (0), D* ()

L0
Ovec(Z)

- vec (g (a7H*(a)7ﬁ* (o), uzmt(a))) , (32)

4% (a,H*(a),ﬁ*(Oé)»D*(a)) ‘

then u},, and K™ are optimal. Moreover,

w (5, V.2 Z) -V (5, v, 2 Z) (33)

where V (5, Y, Z, Z) is the value function.
Proof. Refer to [7].

III. OPTIMAL SOLUTION OF £CC CONTROL

The treatment of HJB approach to obtaining a state-
feedback solution to the £CC control problem over the finite
horizon of optimization requires to parameterize the terminal

time and states of the dynamical equations as (8, Y, Z , Z)

rather than (tf,Hf,ﬁf,Df). That is, for € € [to,ts] and
1 <4 <k, the states of the system (27)-(29) defined on the
interval [to, €] have the terminal values denoted by

HE)=Y, DE)=Z, DE)=2Z2.

Observe that the performance index (26) is quadratic affine
in terms of the arbitrarily fixed x(. This suggests a solution
to the HIB equation (30) may be sought in the form

k k
20 Y i (24 T0) + D (B + Ti(e) (4
i=1 i=1

where these Earametric functions of time ¢&; S
C([to, tr];S™), 7; € C*([to, ts}; R™) and 7; € C'([to, t5]; R)
are to be determined. Using the isomorphic vec mapping,
there is no difficulty to verify the following result.

Lemma 1: Fix k € Z% and let s,y,é,Z) be any
interior point of the reachable set Q at which the real-valued
function W (E, Y, Z ,Z) of the form (34) is differentiable.

The derivative of W (5, Y, Z , Z) with respect to ¢ is given

d < d
W(e 2 2.2)=a] Y u (fi(a, Y, K>+d€&<e>) %o

i=1

k
+ ngzuz (guz (57y;ZaKauecvt> + dﬁi(€)>
i=1

k
< d
3o (gi (292 tewt) + dama) L)
provided Uyt € Uand K € K.

Trying the guess solution (34) into the HIB equation (30), it
follows that

0:

min
Uext €U, KEK

3

k
+ D (gi (2.9, 2 ttewt) + jgm)) } (36)
i=1

k
# 20 3 (0 (2.9 2 Kuvnr) + £756))
i=1



Notice that

Zuz
_Z/%yz ( ) ]

(,V,K)=—[A(e) + B(e)K]

k
T Z i Vi
i=1

11 CT(£)Q(e)C e)

~mK"R(e) Z uzZ T iCEWE @Yy,
k 5 y k .
> niGi(2, 9, 2, K uea ) = — [A(e) + BEK]" Y w2
i=1 1=1
k
= wiB(E )t — 1 K R(e)ttear + 11 CT(2)Q(e)2(2),
=1
k 13
Z:U/zgz (anazauewt) = ZMlTr {yz WGT )}
i=1
k
~2) i 2 B(e)ucot— pnufyy R(€)uear—pn =" (£)Q(e)2(e).
i=1

Since the initial condition xy and M, are arbitrary vector and
rank-one matrix, the necessary condition for an extremum of
(26) on [tg,¢] is obtained by differentiating the expression
within the bracket of (36) with respect to e, and K as

9

uemt(€7 Z) =

Mw

(37

?
K(Y) = Zuryr, (38)

where [i,, = p;/p1 and g > 0. Replacing (37) and (38) into
(36) leads to the value function

k k k
al 2#15551(6) — AT 6);%% — ;MiyiA €

—mCT()Qe)C(e)

k k
Z ryr r 6) Z :U“iyi
. T

L HREBOR B DAY,
i=1 . szl
— Z Y, B(e)R™(2)B (e) Y fiuds
s=1
k i—1

72'”22]'] el ) y] ( )WGT(E)yi—j Zo
+2zg Zuid%ﬁ(e)—AT(s)Zmi+mCT(a)Q(s)z(5)

=1
k k
+ Z /f”ryrB r 5) Z /”'zgz
r=1 i=1

k
—m Y i ZIBE)R(e)BT(e) Y isZs. (39)

r=1 s=1

The remaining task is to display time-dependent functions
{&( )}Z 1 {’j;()} , and {7;(- )}Z 1» which yield a suf-
ficient condition to have the left-hand side of (39) being

k
zero for any € € [to,tf], when {);}F , and {Z} are
i=1
evaluated along solutions to the cumulant-generating equa-
tions. Careful observation of (39) suggests that {&;(-)},_,,

{(zo}

and {7;(- )}1 , may be chosen to satisfy the
d1fferent1ail equations as follows

(41)



=

—Hz<s>B<e>R-1<e>BT<s>imr(a), @3)

L Ti(0) = T {Ha(CEAWET ()} + £)Q)=(2)
257 () B(e) R (¢)B” ) imﬁr(a

YR EOBOR OB BB, @

sz() - {w(s)G(s)WGT(e);:l

(45)

The external signal and feedback gain specified in (37) and
(38) are now applied along the solution trajectories of the
equations (27)-(29)

d%Hl () = AT (e)H1(e) = Hi(e)A(e) — CT()Q(e)C ()
k
+Hi(e)Be) R ()BT (e) ) HisHs(e)

s=1

R Y(e)BT (e)H1(e)

k
+ZﬁTH e)B(e

. b
=D _He()BER ()BT (€)Y fisHa(e),  (46)
r=1 s=1
(o) = —AT () — Ha(2)AE)
k
+Hi(e)BE)R () B (e) Y AsHa(e)
s=1
k
+> A “Ye)BT (e)Hi(e)
= 2i
- ]; G (€)G(e)WG™ (e)Hi—;(e) 47)
LD1(e) = ~AT(©)Dr(e) + CT(OQE)2(6)
k
+ Y M () BER ()BT (e)Die)
r=1
k
+ Hz<5)B(5)R_1(5)BT(5) Z //ZTT)T(E)
k k
N A HA(e)B)RH(e)BT(e) Y fiDsle), (48)

r=1
k k
—> D (e)Be)R ! (e)B"(e) Y | fisDs(e),  (50)
r=1 s=1
d
£D1(5) = —Tr {H;()G(e)WGT ()}
k
+2D] (e)B(e)R"(¢)B"(¢) > 1Dy (e) (51)
r=1
Where the terminal conditions H:(tf) = C’T(tf)QfC'(tf),
) =0for2 <3<k Dl(ﬁf) T(tf>QfZ(tf),
(tf) =0for 2 <1¢ <k and Dl(tf) =z (tf)QfZ tf),
Di(ty) = 0 for 2 < 4 < k. The boundary condition of
W(e, Y, Z, Z) implies that

Hio + 5 to))

i

+ 28 Z,Uz( w0 + Ti(to ) JFZM Dio + Ti(to))

=1

=z} Z,ul 10x0+2x0 Zﬂl 10+ZN1 i0 -

The initial conditions for the equations (40)-(45) follow
Ei(to) = 0, Ti(tg) = 0, and T;(to) = 0. Therefore, the
optimal external signal (37) and state-feedback feedback gain
(38) minimizing the performance index (26) become

k
Ugay (€) = — "(e)Y_D;(e)
k
K*(2) = —R1&)B (=) 3 finHie)
r=1

The theorem that follows contains a controller design algo-
rithm which is able to track a prescribed function of time in
the optimal £CC sense. The optimal kCC tracking controller
requires a standard state-feedback £CC control design and
an additional signal that results from the backward solutions
of linear differential equations.

Theorem 5: (Finite-Horizon £CC Control Solution for
Tracking Problems)
Let A € C([to,ts];R™*™), B € C([to,ts];R"*™), C €
C([to, t7];R™™), and G € C([to,ts];R™*P). The tracking
problem is then described by the equations (1)-(2) where
the input noise w(t) € RP is the p-dimensional Wiener
process starting from %y, independent of the initial con-
dition x(y, and defined on a complete probability space



(Q,F,P) over [ty,ty] with the correlation of increments
E {[w(r) — w(&)][w(r) — w(©)]T} = W|r — & and W >
0. The control input u € L% (€;C([to,ts];R™)) to the
specified system is selected so that the resulting output
y € L%, (2 C([to, ts];R")) best approximates the known a
priori trajectory z € L%(C([to,ts];R")) in the sense of (26)
in which the terminal penalty error weighting Q@ € R"*",
the error weighting Q € C([to,ts];R"*"), and the control
input weighting R € C([to,t¢]; R™*™) are symmetric and
positive semidefinite with R(t) invertible.

Assume both k € Z* and the sequence p = {y; > 0}%_;
with p9 > 0 are fixed. Then, the linear state-feedback kCC
control solution for the finite-horizon tracking problem is
implemented by

wh(t) = K5 ()" (t) 4+ uie (1),
k
K*(a) = =R~ ()BT () Y AirHi(a),  (53)
r=1

(52)

k
ulp(@) = =R (a)B"(a) Y Di(a),  (54)
r=1
where [, = p;/p1 and whenever {H:(a)}le, and

{ﬁj(a) are the solutions of the backward-in-time ma-

trix differgit]ial equations
L4 (0) = ~[A(0) + Bla)K* (o) Hi (o) (59)
— Hi(e) [A(e) + B(a) K™ (a)]
— CT(@)Q(a)C(a) — KT (a)R(a)K* (),
L3(0) = ~ [A(0) + B(o) K" (a)]" i (o)

dO{ T T
— Hy(a) [A(a) + B(a) K™ (a)]

(56)

r—1

=Y MGG (o),

and the backward-in-time vector differential equations

L Bi(0) =~ [A(0) + B@K ()" Bi(0) (57
— Hi(@) B(a)ugy, (@)
— KT (0) R(@)uy (@) + CT(0)Q(o)z()
%75:(04) =~ [A(a) + B(a)K*(a)]" Dj(a)
— Hr(a)B(@)ugy, (@) (58)
with the terminal boundary conditions Hj(t;) =

C:T(tf)QfC’(tf), Hy(ty) = 0 for 2 < r < k and
Di(ty) = —CT(ty)Qyr2(ty), Di(ty) =0 for 2 <r < k.

IV. CONCLUSIONS

In this paper, an optimal control problem for a wide class
of tracking systems is formulated in which the objective is
minimization of a finite, linear combination of cumulants
of integral quadratic cost over linear, memoryless, full-state-
feedback control laws. The standard linear tracking system
constraint on a finite time interval with additive Wiener

noise and a non-random initial state underlies the problem
formulation. Because of the linearity assumptions in the
problem statement, it can be formulated as a non-stochastic
optimization problem utilizing equations for cost cumulants
developed in this exposition. Furthermore, this problem for-
mulation is parameterized both by the number of cumulants
and by the scalar coefficients in the linear combination, it
defines a very general Linear-Quadratic-Gaussian (LQG) and
Risk Sensitive problem classes. The special cases where only
the first cost cumulant is minimized is, of course, the well
known minimum mean LQG problem and whereas a denu-
merable linear combination of cost cumulants is minimized is
the continued Risk Sensitive control objective. It should also
be noted that although the optimization criterion of the cost-
cumulant control problem represents a competition among
cumulant values, the ultimate objective herein is to introduce
parametric freedom in the class of feedback control laws
which will result from the problem solution. This parametric
freedom has been exploited to achieve desirable closed-
loop system properties as illustrated in [1]-[5]. Finally, the
general solution of the cost-cumulant control problem for the
class of linear-quadratic tracking systems is presented and
is determined by a feedback cost-cumulant control obtained
by a set of coupled Riccati-type differential equations and
time-dependent tracking variables found by solving an aux-
iliary set of coupled differential equations (incorporating the
desired trajectory) backward from a stable final time. The
issue of existence of solution to the optimization problem
becomes that of existence of solutions to the Riccati-type
equations. Conditions ensuring existence of solutions to
these equations are being worked out. In fact, for values of
linear combination coefficients outside certain finite ranges,
the equations exhibit finite escape time behavior. On the
other hand, for limited ranges of the combination coefficient
values, the equations are well behaved and yield steady-state
solutions as shown in various controller designs [1]-[5].
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